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ABSTRACT 



The aim of this paper is to introduce and study a new classes of functions is called /^/'-slightly <5-/?-continuous by 
using ij-S-/3-open sets. 
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1. INTRODUCTION 

The concept of S -/^-continuous functions with the aid of S -fl-open sets have been developed by Hatir and Noiri 
[2] . Rajesh et al. [13] have introduced the notion of quasi S-fl- continuous functions. Jafari and Rajesh have introduced the 
concept of almost c)-/?-continuous functions [4] and faintly <5-/?-continuous functions [5]. After their work, have been 
circulated the concept ij open and ij- J*-/?-continuous function in bitopological space by Albeladi and Alblowi [1]. 
Also Alblowi and Albeladi [1] have introduced the notion of pj- quasi , pj- almost and /y'-faintly S-fi- continuous functions. 
The aim of this paper is to introduce and study a new classes of functions is called /y-slightly c)-/?-continuous. 

2. PRELIMINARIES 

Let A be a subset of a bitopological space (X, r 1 , x 2 ). We denote the /-closure of A and the /-interior of A by 

i- Cl(A) and i- Int(A), respectively with x' for 1 = 1,2. A subset A of a bitopological space (X, r 1 , x 2 ) is said to be 
ij-regular open [7] if A =i-int(j-Cl(A)). A set A is said to be /^/'-regular open (resp. j/?-regular open) if A = j-int(p-Cl(A)) 
( resp. A = P-int(j-clfA)) [9]. The complement of a //-regular open (resp. /^/'-regular open, yp-regular open) set is called ij- 

regular closed (resp. py'-regular closed, yp-regular closed). A subset A of space (X, x l ,x 2 ) is called //-semiopen if A c 
j-Cl(i-int(A))[2].A point x of X is said to be ij- J-cluster point of A if AO t# 0 for every //-regular open set U containing x 

[7]. The set of all ij-S- cluster points of A is called //'-^-closure of A and is denoted by ij-Cl S (A)[7]. A subset A of X is said 
to be zj'-cS-closed if y-cS-cluster points of A c A [7] .The complement of //-<5-closed set is ij-d-open. So a set is ij-S-open if it 
is expressible as a union of //-regular open sets[7]. A point x 6 X is said to be /y'-^-cluster point of A if A D j-Cl(V) ^ 0 for 
every p-open set V containing x .The set of all pj-8-clustei points of A is called the /?/-6>-closure of A and is denoted by pj- 

Cl s (A). If A = pj-Cl 8 (A), then A is said to be pj-0-closed . The complement of pj-8-closed set is said to be pj-8-open. 

The union of all pj-8-open sets contained in a subset A is called the pj-6-intenoi of A and is denoted by pj-Int 0 (A). 

A subset A of a bitopological space (X .r 1 , x 2 ) is said to be ij-S-fi-open if S a j-Cl(i-Int(ij-Cl s (S))). The complement of 
an ij-d-R-opea set is called //-<5-/?-closed. The intersection of all //-<5-/?-closed sets containing S is called the //-<5-/?-closure of 
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S and is denoted by ij- 13 Cl s (S). The ij- c>-/?-interior of S is defined by the union of all ij-S-fi-open sets contained in S and is 
denoted by ij- " Int 6 (S). The set of all ij-S-fi-open sets of (X ,r l , r 2 ) is denoted by ij-SfiO(X). The set of all ij-S-fi-open 
sets of (X ,r 1 , t 2 ) containing a point x EX is denoted by ij- SfiO(X, x). A subset B x of a bitopological space (X ,r 1 , r 2 J is 
said to be an //'-c>-/?-neighborhood of a point x EX if there exists an ij-S-fi-open set U such that x EU cB x . 

Definition 2.1. [2] A subset S of a bitopological space X is called pairwise open (for short P-open) if S <=r! Pi r 2 . 
The complement of a pairwise open set is called pairwise closed (for short P-closed) . The family of all pairwise open 
(resp. pairwise closed) sets of X will be denoted by Popen(X) (resp. Pclosed(X)) . 

Definition 2.2 [2] The union of all P-open sets of a bitopological space X 

contained in a subset S of X is called the P-interior of S and is denoted by P-int(S). The intersection of all P-closed sets 
containing S is called the P-closure of S and is denoted by P-cl(S). 

3. P/- SLIGHTLY ^-CONTINUOUS FUNCTION 

Definition 3.1. A subset S of a bitopological space X is called pairwise clopen (for short P-clopen) if S are clopen 

in t 1 and clopen in r 2 . The complement of a pairwise clopen set is called pairwise clopen. The family of all pairwise 
clopen sets of X will be denoted by Pclopen(X). 

* * 

Definition 3.2. A subset A of X is said to be i-S -open (resp. p-8 -open) if for each x EA, there exists an /-clopen 
(resp. p-clopen) set U containing x such that U E A. The complement of a i-S -open (resp. p-S -open) set is called 
a i-S -closed (resp. p-S -closed) set . The intersection of all i-S -closed (resp. p-S -closed) set containing A is called i-S 

-closure (resp. p-S -closure) of A and is denoted by i-Cl 5 " (A) (resp. p-Cl 5 " (A)). The union of all i-S -open (resp. p-S - 

* * 

open) sets contained in A is called i-S -interior (resp. p-S -interior) of A and is denoted by i-int °* (A ) (resp. p-int °* (A J). 
Definition 3.3. A function /: X — > Y is said to be: 

(a) /?j-slightly continuous at a point x EX if for each /?-clopen set V in Y containing f(x), there exists a y'-open set U 
in X containing x such that f(U) cV\ 

(b) py'-slightly continuous if it has the property at each x EX. 
Definition 3.4. A function /: X — ► Y is said to be: 

(a) /y'-slightly S -/^-continuous at x EX if for each /?-clopen set V of Y containing f(x) there exists U E ij-S0O(X, x) 
such that f(U) <= V; 

(b) /y- slightly S - /?-continuous if it has the property at each x EX. 

Theorem 3.1 If a function /: X — * Y is /y'-quasi S -yS-continuous, then it is jcy'-slightly S - yS-continuous function. 
Proof. Let x EX and let V be a /?-clopen set in Y containing f(x). Since, / is py'-quasi c>-/3-continuous, therefore, 

Impact Factor (JCC): 4.2949 Index Copernicus Value (ICV): 3.0 



iY-Slightly S - /?-Continuous Functions 



85 



there exists U E ij-8jK)(X, x) such that f(U) cj-Cl(V ) = V . Hence, /is /^/'-slightly <5-/?-continuous. 

Remark 3.1. The converse of the above theorem is not true in general as can be seen from the following example. 

Example 3.1. Let X = Y= {a, b, cj, r 1 = {X,0,{aJ,{bJ,{a, bjj , r 2 = { X, 0, {c J , {a, bjj, ffi = {X,0,{cJJ ander 2 

= jX, 0, {cj, jb, cjj. Then the identity function / : (X, r 1 , i 2 ) — » (X, a x , a 2 ) is /?2-slightly 8—fi- continuous but not p2- 
quasi <5-/?-continuous. 

Definition 3.4. A bitopological space X is said to be p-O-dimensional if each point of X has a p-neibourhood basis 
consisting of p-clopen sets. 

Theorem 3.2. If/: X — ► Y is /y'-slightly S - /J-continuous and Y is a p-O-dimensional space, then /is pj-S - /?- 
continuous. 

Proof. Let x EX and let V be a p-open set in Y containing fix). Since, Y is p-0-dimensional, therefore, there exists 
a p-clopen set W in Y such that fix) E W c: V . Now, /y-slightly <5-yS-continuity of / implies that there exists [7 6 ij-S/30 
(X, x) such that /( U) cff cV. Hence, /is p/'-(5 - yS-continuous. 

Lemma3.1.[l] For any bitopological space (X ,z l , t 2 ), We have pj-Cl s (A)= p-Cl(A) for every /open setA 

Lemma 3.2. For any bitopological space (X, x 1 , r 2 j, every p-clopen set is pj-0-open set. 

Proof. Let A is p-clopen set then A is p-open hence A is j-open. By above lemma pj-Cl 0 (A)= p-Cl(A) , so pj-int e 
(A)= p-int(A)= A. Therefore A is pj-8-open. 

Theorem 3.3. Iff: X —> Y is p/faintly 8 -/S-continuous, then/is p/slightly 8 - /S-continuous. 

Proof. The result is obvious from the fact that every /?-clopen set is pj-0-open 

Remark 3.2. The converse of the above theorem is not , however , true in general as given by the following 

example. 

Example 3.2. Let X = Y = {a, b, cj, r J = (X, 0, {cj, {b, cjj, z 2 = (X, 0, {bjj, a 1 ={X, 0, (ajj and a 2 ={X0, (aj, 
fb, c/j!. Then/ : X — ► Tis /?/- slightly 8 - /J-continuous but not /y'-faintly 8 - yS-continuous. 

Theorem 3.4. Let (X, r 1 , i 2 ) and (Y, a x , a 2 ) be bitopological spaces. The following statements are equivalent 
for a function/: X — > Y 

(a) /is p/slightly 8 - ^-continuous, 

(b) / ~' (V ) eij-dpO(X) for each p-clopen set V in T, 

(c) / ~' (V ) Eij-8PC(X) for each p-clopen set V in Y, 

-l 

(d) / (V ) is ij-8 - /3-clopen in X for each p-clopen set V in Y, 
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(e) / 1 (V) € ij-dfiO(X) for each p-S * -open set V in 7 

(f) f ~ l (V ) Eij-dfJC(X) for each p-8 * -closed set V in Y, 

(g) f(ij- p cl^(A)) c p-Cl ^ (f(A)) for each A c X, 

(h) ij- P CI * (f _1 (B)) c f (p-Cl s " (B)) for each B c Y. 

-l 

Proof. (a)=> (b): Let V be a /?-clopen set in Y such that x Ef (V ). Thus ffxj E V . Therefore, there exists U E ij- 
8P0(X, x) such that f(U) cy. This implies U <=/ (V ). Thus/ (V J Eij-dfiO(X). 

-l -l 

(b) => (c): Let V be a /?-clopen set in Y . then Y\ V is also a p-clopen set in Y . This implies / (Y\ V ) = X\f (V 
) eij-SpO(X). Hence, / (V ) Eij-SfiC(X). 

(c) => (d): Obvious. 

(d) => (a): Obvious. 

* -i 
(a)=> (e): Let V be a /?-c> -open set in Y and let x Ef (V ). Thus f(xj E V . Therefore , there exists a p-clopen set 

W in Y such that f(x) E W c V . /y'-Slightly (5-yS-continuity of /implies that there exists U E ij-SfJO(X, x) such that f(U) c W 
<r V . Thus U <=f (V ). Hence, / (V ) Eij-dfiO(X). 

(e) => (f): Let V be a p-(5 * -closed set in Y . Thus Y\ V is p-<5* -open in 7 . This implies that/ (7\ V ) = X\f (V 
) Eij-SfiO(X). Hence, / (V J Eij-SfiC(X). 

(f) => (g) : p-Cl 5 " f (A)) is a p-(S * -closed set in Y containing f(A ). Thus/ ~' (p-Cl s " (f(A))) is a zj'-(5-/?-closed set inX 
containing A . Thus ij-? Cl s (A) cf fp-C/** (/fAJJJ. Hence /( i/- ^ C/^AjJ cp-Cl s " (f(A)). 

(g) =>(h): Let 8 cy, then/ fBj <= X Thus/fy- " C/*(f (BJJj <rp-CZ (/f/ (B))) a p-Cl (fij.Hence, ij- 
PCl s (f~\B))af~\p-OS"(B)). 

(h) =>(c): Let V be a /?-clopen set in 7 . Thus V is p-(S * -closed in Y . Therefore ij- p Cl s (f ' (V )) <=f fp-C/ s ' (V 
))=f~ l (V). Hence, / (V ) Eij-SJ3C(X). 

Theorem 3.5. Iff: X — > Y is /y'-slightly (5 -/?-continuous and U is /y'-ci-open, then / 1 u : U — ► 7 is /77-slightly (5 - 
/S-continuous. 

-l 

Proof. Let V be /?-clopen set. Since, /is /y'-slightly c>-/?-continuous, therefore,/ (T J E ij-S/30(X). Now, (fl u ) 
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- (V ) =f ~ (V) n U Eij-dpO(U), ( by lemma 4.1 ). Therefore,/! u is p/slightly J-jtf-continuous. 
Lemma 3.3. Let A c U c X , A E ij-SfiO(U) and U is /-open in X, then A E ij-dfiO(X). 
Proof. We have 

A <=j-Cl u (i-int u (ij-Cl w (A))) cr j-Cl( i-int u ( ij-Cl 30 (A))) = j-Clfi-intfij-Cl^ 1 (A)) Pi U) = j-Cl(i-int(ij-Cl Su (A)) 
0 i-int(U)) = j-Cl(i-int(ij-Cl Su (A))) aj-Cl(i-int(ij-Cl s (A)). Hence, A Eij-SfJO(X). 

Theorem 3.6. Let/ : X — * Y be a function and let {U a : a EA} be an /-open cover of X. Iff I Va is py'-slightly S-fi- 
continuous for each a EA, then/is a /y'-slightly <5-/?-continuous function. 

Proof. Suppose that V is any p-clopen set in Y . Since f\ u " is py-slightly S — p- continuous for each a E A, it 

u ., u - 

follows that (f\ u «) (V ) Eij-Sf30(U a ). We have,/ (V)= » eA (f (V ) D U a ) = aeA f\ v « (V )). Then, by Lemma 
-l 

5.2 we obtain/ (V ) E ij-SfiO(X). Hence,/is /^/'-slightly <5-/?-continuous. 

Theorem 3.7. Let/: X —> Y be a function and let x EX. If there exists an /-open set U in X such that x EU and / 1 
u is a /;>/'- slightly <5-/?-continuous function at x, then/is /?/'- slightly <5-/?-continuous at x. 

Proof. Suppose that V be a p-clopen set in Y containing f(x ). Since/ 1 v is p/slightly S - /^-continuous at x, there 

exists W E ij-S/30(U, x) such that f(W) = (f I u (W)) a V . Since, U is /-open in X containing x, it follows from Lemma 5.2 
that W E ij-S/30(X, x). This shows that/is /y'-slightly c>-/?-continuous at x. 

Theorem 3.8. Let/: X — ► Fbe a function and let g : X — * X x Y be the graph function of / defined by gfx) = (x, 
f(x)) for every x EX. Then g is slightly slightly <5-/?-continuous if and only if /is /y'-slightly <5-/?-continuous 

Proof. Let g be /y'-slightly <5 - /^-continuous and let V be a /7-clopen set in Y . Then X x V is p-clopen in X x Y . 

-l -l 

Since g is p/slightly (5 - /^-continuous, thus/ (V ) = g (X x V ) E ij-SfJO(X). Thus, /is slightly <5-/?-continuous. 

Conversely, letx EX and let Wbe a p-closed subset of X x Y containing g(x). Then W Pi ({xjxY ) is p-clopen in 
{xjxY containing g(x). Also fxjxY homeomorphic to Y . Hence {y £ Y : (x, y) E W} is a p-clopen subset of Y . Since /is 

U 1 U 1 

/;>/'- slightly (5 - /^-continuous, w // fyj : (x,y) E WJ is an ij-S - /3-open subset of X. Further xE^ ff (y) : (x, yj E 
-l -l 

Wj eg (W). Then g (W) is ij-S - /3-open. Hence g is /?/'- slightly 5 - /^-continuous. 

-l 

Definition 3.5 A function/: X — ► Y is called ij-S - /^-irresolute if for every ij-S - yS-open set G in Y ,/ (G) is an 
ij-S - /3-open set in X. 

Definition 3.6 A function/: X — * Y is called ij-S - /5-open if for every ij-S - /5-open set H in X, f(H) is a y-<5 - /?- 
open set in Y. 
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Remark 3.3. Composition of two /y'-slightly 8 - /^-continuous functions may not be /y'-slightly 8 - /?-continuous 
as given by the following example. 

Example 3.3. Let X = Y = Z = (a, b, c} and let 

ri = {X,0,{bJJ, r 2 ={X, 0 {cj, {a, bjj, 

ffi = {Y,0,{aJ,{cJ,{cJ,{a, bjj, a 2 ={Y, 0 {cj, [b, cj, {a}}, 

y i = {Z,0{aj,{b,cj, {c}}, y 2 ={Z, 0 {aj, {b, cjj. 

Then the functions /: (X, r 1 ,t 2 ) — ► (Y, a 1 ,a 2 ) and g : (Y, a 1 , a 2 ) — > (Z, y 1 , y 2 ) defined by identity function are 
both p2-8 - /^-continuous but gof : (X,t 1 , x 2 ) — > (Z, y 1 , y 2 ) is not /?2-slightiy 8 - /^-continuous . 
Definition 3.7. A function/: X — » Y is said to be: 

(a) j/7-slightly 8 -/^-continuous at x EX if for each /?-clopen set V of Y containing f(x) there exists U £ ji-8fJO(X, x) 
such that f(U) cV; 

(b) 7/5-slightly 8 - /?-continuous if it has the property at each x EX. 

Theorem 3.9. Let /: X — > Y and g : Y — > Z be functions. Then, the following properties hold: 

(a) If /is y'-c5-/?-irresolute and g is /y'-slightly c>-/?-continuous, then g°/is /77-slightly 8 - /3-continuous. 

(b) If /is ij-8 -/^-irresolute and g is pj-S -/^-continuous, then g °/is /y'-slightly 8 -/?- continuous. 

(c) If /is ji-S - /^-irresolute and g is /y'-slightly-continuous, then g °/is j/?-slightly 8 - /3-continuous. 

-1 

Proof, (a) Let V be any /?-clopen set in Z. Since g is /y'-slightly <5-/?-continuous, g (V ) is y-<5 - /?-open. Since, / 
-1 -1 -1 

is ij-8 - /^-irresolute,/ (g (V )) = (g °fj (V ) is ij-8 - /?-open. Therefore, g °/is /y'-slightly 8 - /?-continuous. 

(b) It follows from the fact that every /?-clopen set is p-open. 

(c) It follows from the fact that every /open set is ji-8 - fl-open. 

Theorem 3.10. Iff: X — > Y is ij-8-fJ-open and surjective and g °f: X — > Z is p/slightly 8 - /^-continuous, then g : 
Y — > Z is /^'-slightly 8 - yS-continuous 

-1 -1 -1 

Proof. Let V be any p-clopen set in Z. Since g°/is /^'-slightly c>-/?-continuous, therefore, (g°f) (V ) = f (g 

-1 -1 -1 

(V )) is y-(5-/5-open in X. Since, /is ij-8-fi-open and surjective, therefore,/)/ (g (V ))) = g (V ) is ij-8 - yS-open. 
Hence, g is /77-slightly 8 - yS-continuous 

Remark 3.4.The condition surjectiveness cannot be dropped from /as shown by the following example: 

Example 3.4. Let X = Y = Z = fa, b, cj and let 

ri = {X,0{a},{b},{a, b}}, i 2 ={X, 0 {a, b}}, 
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a 1 = {Y,0,{a},{c},{a, c},{a, bjj, a 2 ={Y, 0 (aj, fcj, (a, cjj, 
y 1 = {Z,0,{bj,{a, cjj, y 2 ={Z, 0 {aj, {bj, {a, cj, {a, bjj. 

Let the function/: (X, ri , t 2 ) ->■ (Y, a i , a 2 ) and g : (Y, a i , a 2 ) -> (Z, y i , y 2 ) be defined by f(a) =f(c) = a,f(b) 
= c and g(x) = x for all x E Y respectively. Then /is 12-S - /?-open, g°f is p2-slightly S - /^-continuous but g is not p2- 
slightly S - /^-continuous at b €Y. 

Theorem 3.11. Let/: X — * Fbe surjective, ij-S - /^-irresolute and ij-S - j3- open and g : Y — * Z be a function. 
Then g °/is /^/'-slightly <5-/?-continuous if and only if g is /y'-slightly S - /^-continuous. 

Definition 3.8. A bitopological space X is called p-connected if X cannot be expressed as the union of two disjoint 
non-empty p-open sets. 

Theorem 3.12. If/: X — > Y is /y'-slightly S - /^-continuous surjection and X is ij-S - /^-connected space, then Y is 
/j-connected space. 

Proof. Suppose that Y is not a p-connected space. Then there exists non- empty disjoint /9-open sets U and V such 

-l -l 

that Y = U UV . Therefore, U and V are p-clopen sets in Y . Since f is pj -slightly S-P-continuous, then f (U),f (V ) are 

-l -l -l -l 

ij-8-P-open in X. Moreover,/ (U) and/ (V ) are non-empty disjoint and X = f (U) Uf (V ). This shows that X is 

not //'-<5-/?-connected. This is a contradiction. Hence, Y is p-connected. 
Definition 3.9. A bitopological space X is said to be: 

(a) p-clopen T 1 if for each pair of distinct points x and y of X, there exist p-clopen sets U and V containing x and 
y respectively such that y & U and x ^ V. 

(b) p-clopen T 2 (/9-clopen Hausdorff) if for each pair of distinct points x and y of X, there exist disjoint 79-clopen 
sets U and V such that x EU and y E V. 

Theorem 3.13. If/: X — ► Y is a /y'-slightly S -/^-continuous injection and Y is 79-clopen T 1 , then X is ij-S — (j — T 

1 . 

Proof. Let Y be p-clopen T 1 and let x and y be two distinct points of X. Since, /is an injection, therefore, f(x) ^ 
f(y) in Y . Also, p-clopen T 1 -ness of Y implies that there exist p-clopen sets V and W in Y such that /fxj E V, f(y) ^ V, f(x) 
fc W and/(y) £F W. Since,/is /y'-slightly <5-/?-continuous,/ (V ) and/ fWJ are ij-S-/3-open subsets of X such that x Ef 

~' (V ),y £ f ~' (VJ ,x*£ f~ l (W) and ye/ ~ fWJ. This shows that X is y-0-j8- Ti . 

Theorem 3.14. If/: X — ► Fis a /;>/'- slightly <5 -/^-continuous injection and Y is p-clopen T 2 , then X is ij-S — 0 — T 

2 
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Proof. Let Fbe a /?-clopen T 2 space and let x, y be two distinct points of X. Since, /is an injection, therefore, /fx) 
# f(y) in Y . Therefore, there exist disjoint /?-clopen sets V and Win Y such that f(x) £ V and f(y) £ W. Since, /is /^/'-slightly 

^-/3-continuous, therefore,/ ~' (V ) £ij-8fiO(X, x) and/ (W) £ ij-8fiO(X, y) and/ ~' (V ) Df ~' (W) = 0. Hence, Xis ij-8 

Definition 3.10. A bitopological space X is said to be /y'-clopen regular ( ij-8 - /^-regular) if for each /?-clopen 
(resp. ij-8 - /?-closed) set F and each point x ^ F, there exist /-open sets U and j-open V such that x £ U and F <r V. 

Definition 3.11. A bitopological space X is said to be p/'-clopen normal ( ij -8 -fi-normaY) if for every pair of 
disjoint /?-clopen (resp. y-<5-/?-closed) sets F 1 ,F 2 , there exist /-open set t/ and y'-open set V such that F 1 cr f/ and F 2 <r V . 

Theorem 3.15. If /is /?j-slightly 8 - yS-continuous injective open function from an ij-8 - /^-regular space X onto a 
space Y , then Y is /y-clopen regular. 

Proof. Let F be a /?-clopen set in Y and let y ^ F. Since, /is onto, there exists x £X such that f(x) = y. Since /is 

-l gf. -l 

/y'-slightly 8 - yS-continuous, / (F) is an ij-8 - /5-closed set. We have, x ^ / fFj. Since, X is ij-8-fi- regular, there exist 

j-open sets U and /-open set V such that/ (F) <= U and x £ V . We obtain that F =f(f fFJJ <=f(U) and y =/fxj €/fV ) 
such that /ft/) is j-open set and f(V ) is /-open set. This shows that Fis pj-clopen regular 

Theorem 3.16. If /is /y'-slightly (5 - /^-continuous injective open function from an ij -8 - yS-normal space X onto a 
space Y , then Y is /y'-clopen normal. 

-l 

Proof. Let F 1 and F 2 be two disjoint /?-clopen subsets of Y . Since /is /y'-slightly J -yS-continuous, / (F 1 J and 

-l -l 
/ (F 2 ) are disjoint -/?-closed sets. Since, X is ij-8 -/3-normal, there exist /-open set U and j-open set V such that / 

(Fi ) cUaxvdf' 1 (F 2 ) c: V . Thus, we obtain that F 1 =f(f~ l (Fi )) cf(U)andF 2 =f(f~ 1 (F 2 )) <zf(V ) such that f(U) is 
/-open set and /f V ) is j-open set. Thus, Y is /y'-clopen normal. 
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